 Covariance Consistency of Tracking Filters in ATC Systems
Abstract 

This paper reviews the techniques used by various filters to ensure covariance consistency under non-linear tracking situations. In addition to state estimates, filters such as the Kalman filter provide an estimation covariance matrix, which quantifies the accuracy of the state estimate. In applications such as air traffic control, the state estimation covariance is used to predict target future position region. In the polar measurement situation, the original Kalman filter is usually replaced by an extended Kalman filter or a converted measurement Kalman filter, but the consistency of the state estimation covariance is no longer guaranteed. This paper compares the estimation covariance consistency of the classic converted measurement Kalman filter, the modified unbiased converted measurement Kalman filter, and the particle filter. From the simulation results of an aircraft tracking scenario, all three filters have good covariance consistency under small azimuth noise. For large azimuth noise, the particle filter has the best consistency, while the classic converted measurement Kalman filter has very poor consistency.
KEY WORDS 
Converted measurement Kalman Filter, Particle Filter, Estimation covariance consistency
1. Introduction

Consistency is one of the primary criteria for evaluating the performance of any filter since the state estimation covariance matrix given by a filter reflects the accuracy of the corresponding estimated state vector. In air traffic control, the filter–calculated estimation covariance is used to predict the probable region where the tracked aircraft will be after a certain period of time. Therefore, consistent state estimation covariance is crucial for managing aircraft separation and avoiding collision.  

Radar measurements consist of slant range, azimuth and altitude. When designing a tracking filter that uses these radar measurements, the linearity conditions to use a Kalman filter are not satisfied. In these situations, one approach is to first convert the above mentioned measurements to a Cartesian frame and then use a Kalman filter in the Cartesian frame. This converted measurement Kalman filter (CMKF) is a popular linearization technique for tracking in Cartesian coordinates [1-3]. 

Another approach is to describe the non-linear system by its approximate linearized model with Gaussian noise of the same first and second order moments. This method is commonly referred to as the extended Kalman filter (EKF). It may work well for mildly nonlinear systems. However, there is no performance guarantee [5, 6]. The polar measurements from a radar can be defined as [1]


[image: image1.wmf];,

mm

rrr

qqq

=+=+

%

%

      (1)

In the above equation,
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represent the true ground range and azimuth, where we assume that slant range has been converted into ground range with the help of altitude without introducing significant distortion in its error characteristics. The errors in the range and azimuth, 
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 respectively. The classic CMKF converts the polar measurements of (1) to the Cartesian coordinates 
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The classic conversion of equation (2) gives biased Cartesian coordinates and inconsistent measurement covariance under certain conditions, specifically, at long ranges and/or large levels of azimuth noise [1]. A few improved versions of the CMKF have been proposed in [1-3]. The most accurate one is the modified unbiased CMKF proposed in [3].

These filters usually have satisfactory results under mild nonlinearity. However, the filter-calculated estimation covariance is not guaranteed to converge to the true estimation covariance (available only when the true state vector is known). Let’s denote the true estimation error covariance by
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, and the filter-calculated error covariance by
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. If the output covariance is under-calculated, i.e. 
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is positive definite, the predicted probable aircraft trajectory region may not cover the real trajectory region. This will result in the malfunctioning of safety functions in ATC systems that rely on this prediction and potentially lead to mid-air collision or collision into the terrain. If the output covariance is over-calculated, i.e.
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is positive definite, the predicted probable aircraft trajectory region may be much larger than the real trajectory region. This will result in larger than necessary aircraft separation, and will potentially lead to air traffic delay.
The particle filter (PF) was introduced about two decades ago as a numerical approximation to the nonlinear Bayesian filtering problem [5,6]. It recursively approximates the posterior distribution using a large number of state samples (particles) and their respective weights. Since there is no linearization and no Gaussian noise assumption, the particle filter has advantages over the EKF and the CMKF for highly nonlinear systems and/or non-Gaussian noise. 

This paper compares the state estimation covariance consistency of the classic CMKF, the modified unbiased CMKF, and the particle filter. The rest of this paper is organized as follows. Section 2 describes the different CMKF algorithms. Section 3 describes the most popular type of particle filter algorithm, called the sampling importance resampling (SIR) filter. The performance comparison of the classic CMKF, modified unbiased CMKF, and PF algorithms is done by simulating a tracking scenario, and results are presented in Section 4. Finally, Section 5 contains the concluding remarks from the analysis.

2. The CMKF Algorithms
This section describes the different CMKF algorithms, including the classic CMKF, the debiased CMKF, the unbiased CMKF, and the modified unbiased CMKF. The difference between these algorithms lies in the coordinate conversion and the measurement covariance calculations.

The elements of the measurement covariance matrix when using the classic coordinate conversion of equation (2) are given by [1]
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The conversion of (2) is shown to have significant bias at long ranges and/or large azimuth noises [1]. Also, the measurement covariance matrix calculation of (3a-3c) is shown to have poor consistency under these conditions. 

Hence, a method to obtain debiased and consistent measurements was derived in [1]. The new equations for the measurement conversion from polar to Cartesian coordinates are given as 
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The corresponding elements of the covariance matrix are given as
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It was pointed out in [2] that using this debiased conversion with additive bias compensation still gives slightly biased estimates. It is shown in [2] that the exact bias compensation for the classic conversion is multiplicative in nature and depends on the statistics of the cosine of the angle measurement errors. The new equations for the measurement conversion from polar to Cartesian coordinates incorporating the multiplicative bias compensation factor are given as [2]
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where
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 is the bias compensation factor. The elements of the measurement covariance matrix, which also incorporate 
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The simulation results from [2] showed better consistency at higher noise levels in a tracking application when using the unbiased CMKF versus the debiased CMKF.

After pointing out a compatibility problem in the derivation of the mean and covariance of the unbiased CMKF, the equations were rederived in [3] to avoid this issue, which was that while some terms in equations (7a-7c) are computed conditioned on the measurements directly, the other terms are computed conditioned first on the true range and azimuth and then on the measurements. It was proposed in [3], that extra correction terms given by
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should be deducted from (6a) and (6b), respectively. Furthermore, the elements of the measurement covariance were modified to be
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The results from [3] showed improved consistency of the measurement and estimation covariances and better position estimation accuracy in a tracking application when using this modified unbiased CMKF algorithm compared to the original unbiased CMKF algorithm of [2].

3. The Particle Filter Algorithm

The fundamental idea of a particle filter is to represent the posterior density of estimates using point masses or particles and obtain the estimates from this density. With each measurement, the particles are updated so that they represent the new posterior leading to the new estimates.  Thus, one has to sample the posterior density function to obtain the particles. However, in the estimation process, posterior density is not usually known. Hence, an approximation to the posterior, called importance function or proposal function, that spans the entire estimated parameter space is used to obtain samples. The particle filter algorithm provides a mechanism to sequentially sample the importance function and update the samples to represent the posterior. In order to ensure that the samples effectively span the entire parameter space, a resampling procedure is also performed at each cycle.  
Depending on the importance function and the resampling approaches, there are many different types of particle filters. In this paper, we use the sampling importance resampling (SIR) filter, which is the simplest type of particle filter.  Denote the number of particles by
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. The steps of the SIR filter are given in Table 1 [5, 6].

Table 1:  Steps of the SIR Particle Filter
Step 1: (Initialization) Generate state vectors 
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Step 2: (Measurement update) Compute the particle weights as 
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Step 3: (Estimation) Compute the estimated state vector as, 
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Step 4: (resampling) Generate a new set 
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Step 5: (Prediction) Generate predictions 
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4. Simulation Results
Because the EKF is known to perform poorly under middle to high nonlinearity, it is not included in this study. We compare the state estimation covariance consistency of the classic CMKF, the modified unbiased CMKF, and the SIR particle filter. The root mean square errors (RMSE) of the estimated position of the three filters are also presented.

In this simulation, the target starts at coordinates (20 nmi, 30 nmi) in the system plane at 0 altitude, with a speed of 200 knots and a heading of 60 degrees with respect to the north, and flies for 500 seconds. The true target trajectory is shown in Figure 1, in which the arrow shows the target direction. The radar is located at (0 nmi, 0 nmi) with a scan period of 5 seconds. The radar range noise standard deviation is 0.2 nmi, and the azimuth noise standard deviation takes values in the set
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. This is about the same level of azimuth noise considered in [1] [2] and [3]. The measurements generated by the radar under this setup are fed to all three filters. The number of particles used by the SIR filter is selected to be 1500. 500 Monte-Carlo experiments are performed for each filter, which are repeated for each value of the azimuth noise standard deviation.
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Figure 1: True target trajectory and the radar location
The average normalized estimation error squared (ANEES) is a statistic typically used to examine the state estimation covariance consistency. It is defined by [4]
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where 
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 is the state estimation error, 
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is the calculated state estimation error covariance, 
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is the total number of runs, and n is the state vector dimension. In the case where the calculated covariance matches the true estimation error covariance, the ANEES should be close to 1. If the ANEES is less than 1, it means the state covariance is overestimated. Conversely, if the ANEES is more than 1, it means the state covariance is underestimated. The farther the ANEES from 1, the poorer the calculated covariance consistency is. 

In the following figures, the dash line represents the RMSE of CMKF, the dash-dot line the modified unbiased CMKF (referred to as MUN in the legends), the light solid line the particle filter and where appropriate, the dot line represents the RMSE of the converted report positions. 
When the azimuth noise standard deviation is 0.5 degree, the position RMSE is plotted in Figure 2. In this low azimuth noise case, the classic CMKF and the modified unbiased CMKF provide almost the same results. The RMSE of the particle filter is also very close to those of the CMKFs. 

The ANEES of the three filters is shown in Figure 3. Again, the classic CMKF and the modified unbiased CMKF provide almost the same results and are slightly closer to 1 than the ANEES of the particle filter. Since all three filters have ANEES greater than 1, they all underestimate the covariance matrix slightly.
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Figure 2: Position RMSE (
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Figure 3: ANEES (
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When the azimuth noise standard deviation is 6 degrees, the position RMSE is plotted in Figure 4. It shows that the particle filter clearly has the smallest position RMSE. The classic CMKF has the largest RMSE among the three filters. 
The corresponding ANEES of the three filters is shown in Figure 5, where the ANEES of the particle filter is the closest to 1 and the classic CMKF has a very large ANEES. This means the classic CMKF seriously underestimates the state covariance matrix.
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Figure 4: Position RMSE (
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Figure 5: ANEES (
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Figure 6 shows the variation of the ANEES averaged over time versus different radar azimuth accuracies. Clearly, for low azimuth noise, all three filters have similar ANEES and hence similar covariance consistency. However, for high azimuth noise, the particle filter has better covariance consistency than the CMKF filters. The classic CMKF in particular has very poor consistency.
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Figure 6: ANEES averaged over time versus azimuth noise level

5. Conclusions
In air traffic control, the estimation covariance is used to predict the probable region of a tracked aircraft, and thus covariance consistency evaluation is vital for verifying a filter design. In this paper, the state estimation covariance consistency of the classic converted measurement Kalman filter, the modified unbiased converted measurement Kalman filter, and the particle filter have been studied and compared. Based on simulation results, under low azimuth noise, all three filters have good covariance consistency and position estimation accuracy. However, under high azimuth noise, the particle filter has the best covariance consistency and position estimation accuracy, while the classic converted measurement Kalman filter has very poor covariance consistency and position estimation accuracy. 
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