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Abstract
Range, azimuth and time biases of a radar introduce systematic errors in the reported positions of aircraft in air traffic control systems. These biases can be computed, and subsequently corrected for, by registering radar reports to the more accurate Automatic Dependent Surveillance – Broadcast (ADS-B) reports. This paper presents a simple least-squares problem formulation, which is virtually free of geometric constraints on target locations, yet provides a robust converging algorithm to compute the biases. This least-squares method is compared to the recently published PR2 method, a least squares formulation, in which range and azimuth biases are computed separately. Though the proposed least-squares problem would theoretically involve inversion of a 3x3 matrix, it is shown that the matrix cofactors are simple enough to avoid such complex computations.

Keywords
ADS-B, Radar, Registration, Bias, Least squares

Introduction
Air traffic control (ATC) systems around the country and in the world rely heavily on radars to track civilian aircraft. However, radars usually contain systematic errors including range bias, azimuth bias, and time bias. All these biases, assumed to be constant during a short period, could cause errors in radar reports, which will deteriorate the tracking accuracy. The current ATC systems use the NAS (National Airspace System) registration algorithm [1] to calculate range and azimuth errors simultaneously using reports from two targets that are on the opposite sides of the line connecting the radar pair. These reports form four simultaneous equations containing four unknown variables: the range and azimuth bias corrections for two radars. The biases are estimated after collecting a number of sets of simultaneous equations from multiple targets and solving them.  Note that the NAS registration does not calibrate the time bias.
Meanwhile, ADS-B as a core cooperative surveillance technique for the next generation ATC has already been implemented or its implementation is in progess for many countries. Based on Global Positioning System (GPS), the ADS-B system provides accurate aircraft position with precise time of applicability (TOA) information. Thus, the output of the ADS-B can be used as the truth to calibrate the radar biases. In this paper, we propose a simple yet efficient algorithm to simultaneously register radar range, azimuth and time biases based on a least-square solution by taking ADS-B reports as a reference. Other registration methods have been proposed in the literature, with optimization techniques including maximum likelihood [2], least square (LS) [3], and extended Kalman filter (EKF) or unscented Kalman filter (UKF) [4,5]. However, none of these algorithms take the time bias into account. Moreover, the computational complexity of methods such as EKF/UKF based ones are impractical for real time ATC applications. While the recently published and patented PR2 algorithm [6], also based on a least squares optimization, is capable of computing the time bias, it unnecessarily separates the problem into one computation of the time and azimuth biases combined, and another of the time and range biases combined. With two possible values for the estimated time bias, additional computations are needed to determine which value is better-suited.
Problem statement
Aircraft are typically tracked in the xyz system coordinates, where z is the reported altitude and the xy axes correspond to the East-North directions in a system plane, which conformally maps the surface of the Earth ellipsoid at a chosen location [7]. Though the target range reported by a radar represents the slant range, the problem is assumed quasi two-dimensional, because altitude is generally much smaller than the x and y coordinates. Let [x, y, , ]T denote the target state in system plane,  and  denote the range and azimuth from a radar. Then we have:
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where we assume that the radar’s system plane coordinates are (0, 0). The parameters  and  are the radial and tangential velocities, respectively, of the target with respect to the radar.
In this framework, we postulate that radial discrepancy, , and tangential discrepancy, , between ADS-B reports and radar reports find their origin in three different sources: i) the radial/tangential biases b and b ii) the time bias bt multiplied by the radial/tangential velocity, and iii) radar report noise. In mathematical terms,

	
	
	(5) 

	
	
	(6) 



where  and  are two independent normally-distributed sources of noise in the radar report, with covariance matrix:
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Note that an ADS-B report provides the position information in terms of geodetic latitude and longitude. Hence, this position has to be converted to range and azimuth with respect to the radar under consideration using the appropriate transformation [8] in order to calculate the discrepancies  and  in (5) and (6).
The aim here is to estimate the registration bias vector  by minimizing the random error components of (5) and (6), defined below:
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Least squares problem
In this section, we begin by describing the LS (LS3) solution, which we propose to compute radar biases. We then briefly present the principles of the PR2 algorithm highlighting the differences with our proposed the LS3 algorithm. Finally, we analytically show, through estimation error analysis, that LS3 is statistically more favorable than PR2. 
Least Squares Solution
From (5) and (6), writing the relationships in matrix form and normalizing radial and tangential discrepancies by the respective standard deviation in the radar report noise, we get:

	
	(9) 



Normalizing by the range and azimuth standard deviations ensures that when minimizing the sum of square errors, range and azimuth discrepancies are given the appropriate weights. This also ensures that the covariance matrix of our normalized input variables (range and azimuth) is an identity matrix. This simplifies the estimation error analysis.
The presence of noise in the target reports requires the use of multiple target reports to compute robust estimates of the biases. Then the accumulation of (9) from multiple targets can be represented by
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where  is the normalized discrepancy vector, M is the matrix of coefficients and b is the normalized bias vector to be estimated. The solution is given by:
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where  denotes summation over all n accumulated targets. We have substituted , ,  and  in (9) for the radial and tangential components divided by their respective radar noise standard deviation.
Typical value of sample size n ranges from 100 to 1000, though this number ultimately represents a compromise between desired speed and accuracy in the registration process.
Solving the LS problem requires matrix inversion, which is a computationally unfavorable and undesirable process. Defining the matrix P as the inverse of the matrix M TM, we give here the various components of P, which can be easily computed from the combination of a few sums and products:
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These terms will be useful in Section 3.3 on estimation error analysis.
PR2 Algorithm
The recently published PR2 approach examines each of equations (5) and (6) separately and seeks the optimal solution following an LS formulation. In other words, PR2 seeks to separately minimize the equations (21) and (22) below:
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Note that in the published PR2 algorithm, the range and azimuth standard deviations used in equations (21) and (22) to normalize the discrepancy between radar and ADS-B reports are calculated as each target report comes in, which explains the index i used above. Positional dependence of the range and azimuth error finds its origin in ADS-B errors being expressed as Gaussian distributed noise in the xy system plane and when they are converted to radar coordinates the statistics vary depending on their positions. As mentioned earlier, here we assume that ADS-B errors are small enough in comparison to radar errors, so that the normalizing standard deviations can be taken as constants for all targets reported by a given radar. We therefore omit the index i for the standard deviations for the PR2 algorithm as well.
The solution for the range and time bias in LS formulation is given by:
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where the subscript 2 refers to the two-component LS problem. The solution is very similar for azimuth, with only a few variables and subscripts to interchange. In the PR2 algorithm, after calculating the range and time biases by solving the first LS problem and calculating the azimuth and time biases by solving the second LS problem, there remains the task of choosing which time bias value is more likely to be correct. This is done using tools such as the 2 and the T statistics. The 2 statistic can be used based on equations (21) and (22), since those represent a sum of independent normally-distributed variables squared. The T statistics can be used for the calculated biases, but this requires the knowledge of the estimation errors. A brief quantitative description of the estimation errors for both the LS3 and PR2 algorithms follows.
Estimation Error
The errors in the bias estimates originate primarily in the radar range and azimuth errors, with the assumption that noise from the ADS-B reports is negligible. Having normalized all of our variables by the range and azimuth noise standard deviations, the expression for the covariance of bias estimation errors becomes:

	
	
	(26) 



The determinant of  is given in (14) for the LS3 algorithm, and the components of the inverted matrix were given too. For the PR2 algorithm, in the case of the formulation for the range and time biases, we have:
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Based on these equations and on those presented earlier for the LS formulation, the computation of the variances for the bias estimate errors for both the LS3 and PR2 algorithms is straightforward. Note that in the following equations, <∙> represents averaging over all n target reports.  For the LS3 solution,
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For the two-dimensional least-squares problem, assuming that the time bias with the lesser variance is kept, we find:
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Therefore, the variance of the full least-squares estimates will always be lower than those of the two-dimensional estimates, because the sum of the angular and radial velocity variances is always greater than the angular and radial velocity variances taken individually.
This advantage of the LS3 algorithm becomes apparent when one of the two variances (angular velocity or radial velocity) is very small and the corresponding average velocity is large, which we illustrate in one of our simulated scenarios. 
Simulations
To test the performance of the PR2 vs. the LS3 algorithms, we designed two scenarios and tested them with our in-house simulation tool, in the presence of 4 radars adapted in the Philadelphia area (see Table 1). The system plane is chosen to be tangential to the earth ellipsoid at the location of the PHL radar. The PHL, NKX and WRI radars are short range, while the QIE radar is long range. The noise characteristics used for these simulations are shown in Table 2. The injected bias values we used in our scenarios are given in Table 3.

Table 1: Adapted radar coordinates
	radar name
	Geographic location
	Latitude [º N]
	Longitude [º W]

	PHL
	Philadelphia, PA
	39.8592
	75.2668

	QIE
	Gibbsboro, NJ
	39.8247
	74.9542

	NKX
	Willow Grove, PA
	40.1934
	75.1535

	WRI
	Wrightstown, NJ
	40.0357
	74.5981



Table 2: Simulated radar characteristics
	radar name
	range error [nmi]
	azimuth error [deg]
	scan rate [s]

	PHL
	0.04
	0.23
	4.61

	QIE
	0.08
	0.23
	12.0

	NKX
	0.04
	0.23
	4.95

	WRI
	0.04
	0.23
	4.80



Table 3: Simulated radar biases
	radar name
	range bias [nmi]
	azimuth bias [deg]
	time bias [sec]

	PHL
	0.10
	0.35
	1

	QIE
	0.00
	0.0
	1

	NKX
	-0.15
	0.18
	1

	WRI
	-0.05
	0.23
	1



Scenario 1 has 150 targets flying straight and level, with random initial positions and uniformly distributed random headings; target tracks in the system xy plane are depicted in Figure 1. The speed assigned to each target is selected randomly and ranges from 120 to 360 knots. The altitude is randomly selected as well, and ranges from 10,000 to 30,000 ft. Scenario 2, depicted in Figure 2, specifically looks at registration of the PHL radar, with 34 targets flying radially away from it at a speed of (170 ± 20) knots, at random altitudes ranging from 10,000 to 13,000ft.

Registration occurs every time a data batch of n =100 valid target reports have been collected from both radar and ADS-B. For each new calculated bias, a simple -filter is employed to smooth out abrupt changes in the total bias values:

	
	(1) 



where  = 0.1, is the unsmoothed bias estimate (range, azimuth or time) from the k-th data batch and  is the smoothed estimate.
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[bookmark: _Ref286819102][bookmark: _Ref286819072]Figure 1: Scenario 1 system plane tracks.
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[bookmark: _Ref286819148][bookmark: _Ref286819080]Figure 2: Scenario 2 system plane tracks.

We use the root mean square errors (RMSE) to compare the performance of the algorithms:

	
	(2) 



where M is the number of Monte Carlo runs,   is the smoothed bias estimate for the j-th independent run, and  is the corresponding truth.
Results
All simulation results are based on 5 Monte Carlo runs, shown in the Figure 3 to Figure 8. The bias estimates obtained using the PR2 are drawn in solid lines, while the results of the LS3 are drawn in dashed lines. 
[image: C:\Users\Jifeng\Documents\My paper\paper_ARCON\2011-ATCA-Conf\altitude_newFigures\rngBias_reg9_LS2vsLS3_new2.png] Figure 3: Range bias error for scenario 1.
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[bookmark: _Ref286819277]Figure 4: Azimuth bias error for scenario 1.
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Figure 5: Time bias error for scenario 1.

For scenario 1, we see that the RMS errors on all three biases are very close for both algorithms. Range and time bias estimates for the QIE radar are worse for both algorithms, due to the higher radar range errors. However, for that same radar, the LS3 algorithm consistently yields lower error, though one could argue that the magnitude of the improvement over the PR2 algorithm is very small. For the other three radars, the performances of the two methods are virtually identical once the bias estimates are stabilized. In the transient occurring in the first 100 seconds approximately, the LS3 method converges more rapidly for the NKX azimuth estimate (dashed line in Figure 4). Statistically speaking, we have shown that the variance of the bias estimates is expected to be smaller for the LS3 algorithm; we don’t expect transients to be systematically better for one or the other algorithm.
[image: ]
Figure 6: Range bias error for scenario 2.
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Figure 7: Azimuth bias error for scenario 2.
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Figure 8: Time bias error for scenario 2.

For scenario 2, where target trajectories are radially oriented with respect to the PHL radar, we see that range bias estimates are equally good for the PHL radar for both algorithms, but are statistically better for all the other radars using the LS3. For azimuth bias estimates, both algorithms perform equally well for all the radars, except for PHL, where the LS3 performs better. Time bias estimates are comparable for both algorithms, though PR2 performs very slightly better for the QIE radar. The magnitude of the errors are clearly larger in this scenario than in the previous one; this is due to the spread (or equivalently, variance) of the radial and tangential velocities being smaller than in scenario 1.
Conclusion
We propose the LS3 as an alternative to the recently patented PR2 algorithm, in which two sets of two-variable least-squares problems are solved for each radar, to estimate the range, azimuth and time biases. One clear advantage of the LS3 method is that it avoids having to choose between two time bias estimates as is the case for PR2. We have shown, analytically, that the three-dimensional LS problem is, on average, as good as the two-dimensional LS problem, but could be significantly better in some scenarios. We have illustrated this by simulating radar to ADS-B registration in two scenarios with 4 radars each. We have shown that implementation of a three-dimensional LS algorithm (LS3), in this case, will not result in complicated matrix inversion; it only requires us to keep track of a few running sums and products.
We further note, that all the statistical tools suggested in the PR2 patent application - e.g. χ2 statistics, T-test and error trend analysis - are equally applicable in the three-dimensional least-squares case. With the simplifying assumption that ADS-B report errors are position independent and negligible compared to the radar report errors, simple expressions have been derived for the bias estimate errors as a function of the radar report errors. These expressions can provide a consistent guideline for the choice of sample size n in various scenarios, e.g. sparse or dense traffic, when specific requirements on the bias estimates are imposed. In summary, and in light of the above results, we conclude the LS3 algorithm as a more robust alternative to the PR2 algorithm.
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