[bookmark: _GoBack]Improving Altitude Estimation of Primary Returns from Two Radars


Abstract 
If an aircraft is detected by only two primary radars, it is not possible to use multilateration techniques to determine its altitude in an air traffic control system. To solve this problem with acceptable accuracy, we first adapt the popular locationing algorithm, the AOA/TDOA (Angle of Arrival and Time Difference of Arrival) method, by separating the AOA portion from the TDOA portion. However, the improved AOA method (our method based on the AOA portion) suffers from the collinearity problem. Hence, we develop a geometry based ADPR (Altitude Determination from Primary Returns) algorithm, and propose the fusion of both the AOA and ADPR methods to overcome this problem and make the estimation more accurate and robust. Simulations are carried out with two typical tracks to show that the complementary use of these algorithms can improve the altitude estimation significantly using primary returns from only two radars. 
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1. Introduction
A primary surveillance radar (PSR) provides only slant range and azimuth measurements of an aircraft, and hence, an air traffic control (ATC) system usually uses the altitude information obtained from the aircraft's on-board Mode C transponder to estimate aircraf’s three dimensional position and velocity. A secondary surveillance radar (SSR) is normally used to interrogate the Mode C and other transponders and obtain altitude and other information about the aircraft. The Federal Aviation Administration (FAA) mandates that all aircraft flying within the controlled airspace (10000 ft or above for class B airspace) provide Mode C altitude information in response to the SSR interrogations. However, an aircraft flying under 10000 ft is not required to provide the altitude information, thus making it difficult for the ATC system to reliably estimate its position and velocity. If the aircraft is under the coverage of three or more radars, trilateration [1] or triangulation [2] can be used to better estimate the altitude. But if the aircraft is under the coverage of only two PSRs, trilateration or triangulation is no longer possible.
There has been some related work on altitude estimation using primary radar and non-linear filtering [3,4]. Due to poor observability of the altitude, given only the slant range and azimuth measurement, the filtering schemes require multiple nonlinear filters, such as extended Kalman filter (EKF) and unscented Kalman filter (UKF). Meanwhile, the feasibility of a solution depends on whether the aircraft trajectory provides enough observability. Thus, the estimation method in [3,4] is not necessarily a practical solution. However, the analysis in [3,4] is informative in helping to understand the challenge in altitude estimation using PSRs only. To solve the problem of altitude estimation using two PSRs, we have adapted the angle of arrival/time difference of arrival (AOA/TDOA) method. Although the AOA/TDOA method has been successfully used for some locationing applications [9], it is unsuitable for the application we are concerned with where the unknown altitude is considerably smaller than the ground range of the aircraft. Hence, we separate the AOA portion from the TDOA portion in order to improve its accuracy. Though it improves the accuracy, the AOA method fails in certain regions. This problem is called the collinearity problem. We present a method, Altitude Determination from Primary Returns (ADPR), based on the geometry between three points and propose the fusion of both the AOA and ADPR algorithms in order to overcome this problem and improve the overall estimation accuracy and robustness. 
Both methods are point-wise estimation approaches that utilize only one measurement from each radar. As soon as both the measurements are received, the estimates are instantly obtained. The point-wise estimation approaches are advantageous in their negligible latency and minimal computation requirements. However, with measurement noise, both methods may incur significant errors in estimation. An efficient post processing technique can be used to overcome this.
The rest of the paper is organized as follows. We describe the geometry of the scenario in Section 2. We adapt the AOA and TDOA based altitude estimation algorithm in Section 3, and propose the ADPR algorithm in Section 4. We describe the fusion mechanism in Section 5, and present the simulation results to illustrate the performance of the two methods in Section 6. We provide concluding remarks in Section 7.
[bookmark: _Toc274938455]2. Problem Description 
A general scenario in the ground plane is shown in Figure 1 with two radars (squares) and one aircraft (circle). The first radar is located at  and the second radar is located at . The aircraft location is denoted as . The true slant range  and azimuth  (clockwise from north) of the aircraft from radar 1 are given by (1) and (2), respectively. Similarly, for radar 2 the parameters,  and  are given by (3) and (4), respectively. The bearing of radar 2 relative to radar 1 is denoted as  clockwise from north. The ground distance (separation) between the two radars is . The ground range of the aircraft to radar 1 is . The ground range of the aircraft to radar 2 is . 
	(1)
	(2)
   (3)
	(4)
The aim of this paper is to estimate the altitude  of the aircraft using the slant range and azimuth measurements, which are corrupted by additive white Gaussian noise (AWGN) from the two radars. In this paper, we consider the general case in which the two radars are at different heights. In practice, if the altitude difference of the two radars is no more than 1000 ft for every 10 nmi separation between them, they can be roughly treated as being at the same height, and the calculation can be further simplified.
[image: ]
[bookmark: _Ref273112750][bookmark: _Ref273112733][bookmark: _Toc276381954]Figure 1. Ground plane layout of the two radars and the aircraft.
3. AOA and TDOA based Aircraft Location Evaluation
The AOA/TDOA algorithm is adapted from [5], where the aircraft's three dimensional location, , is estimated together. We observe that the AOA portion can be carried out independently from the TDOA portion. In this way, the AOA portion estimates , and the TDOA portion estimates  using radar measurements and the estimated . We observe that the TDOA portion incurs considerably larger errors in altitude estimation than the errors that the AOA portion incurs in estimating ground position. Thus, we extract the AOA portion as a ground range estimator, and then derive the altitude without using the TDOA portion.
[bookmark: _Toc274938458]3.1 AOA portion
The angle of arrival from the aircraft to the radar is measured by azimuth. The intuitive understanding of AOA based locationing is that the ground location of the radar and the aircraft’s azimuth relative to this radar defines a straight line in the ground plane; with two radars, the two respective lines cross at one point, which determines the ground location of the aircraft. When the target is on the line connecting the two radars, the two azimuth lines will be overlapping instead of crossing, and hence it is impossible to evaluate where the target is, which is called the collinearity problem, and it is an inherent limitation of AOA. In practice, even if the target is not exactly on, but nearly along, the connecting line between the two radars, a small perturbation in azimuth due to noise causes drastic change in the locationing of the crossing point, and hence the ground location estimation around the collinear region is prone to bigger estimation errors than in other regions.
The measured noisy azimuths are denoted as  and  from radar 1 and radar 2, respectively, where the superscript  denotes “measurement”, and the noises,  and , in those measurements, are modeled as zero mean independent AWGN.
Through arithmetic derivations using the ground plane layout, we have

 	(5)
Thus, the aircraft ground location estimate, in the Least Squares sense, is given by
 (6)
When the target falls into the collinear region, we have , for , causing inversion difficulty in (6).
[bookmark: _Toc274938459]3.2 TDOA portion
The time difference of arrival (TDOA) is proportional to the slant range difference of an aircraft from two radars. The slant range measurements contain aircraft altitude information, as well as the ground range information. The altitude is obtainable from TDOA when the aircraft ground location estimate is available from the AOA portion.
Let the measured slant ranges be denoted by  and  from radar 1 and radar 2, respectively, and the independent AWGN in those measurements by  and  respectively. 
Denoting , and taking the square of the noise-free and noisy range measurements yields

.	(7)
where is the consolidated noise term in TDOA formulation. 
Let , , then (7) becomes
  (8)
where , , , and  in (7) is replaced by the measurement .
[bookmark: _Toc274938460]3.3 AOA/TDOA Combination and the AOA method
Expanding the vector of aircraft location in (6) from  to, and combining it with the TDOA in (8), we have

, 	(9)
which can be denoted by
.	(10)
The Least Square estimate of the aircraft location is thus
.	(11)
The altitude estimate is the third component of .
Note that in the AOA/TDOA method, when the two radars are at the same altitude (), the third column in the  matrix becomes all zero, and hence the altitude estimate (the third element of ) is always zero. Namely, the AOA/TDOA method loses its ability to estimate the altitude when the two radars are at the same height. 
However, we can use the AOA portion to estimate the ground range, and then estimate the altitude from the ground range and the measured slant range. When the AOA portion is used alone without TDOA, we refer to it as the AOA method in the remainder of this paper.
	(12)
While the AOA/TDOA method is limited by the requirement that the two radars should not be at the same height, the AOA method uses (6) to derive the target ground location and then uses (12) to derive the target altitude, and hence it is not constrained by the sensor height difference. 
Furthermore, our simulations show that the altitude estimation from the TDOA portion produces larger altitude estimation errors than using the AOA method. The AOA method is thus chosen as one of our solutions over the AOA/TDOA method.
[bookmark: _Toc274938461]4. Altitude Determination of Primary Returns (ADPR)
As mentioned in Section 3.1, the AOA method incurs large estimation errors while the target flies through the collinear region connecting the two radars. To obtain a better estimate for this region, we propose the use of an ADPR algorithm, which solves the altitude explicitly from a quartic equation in altitude formed by using the measurements from the two radars by eliminating all other unknown variables. 
Without loss of generality, we consider radar 1 to be located at , which simplifies derivation and leads to
	(13)
Similarly, for radar 2, we have
 (14)
We subtract (14) from (13) to obtain a new equation with quadratic terms of  and a linear term of . To eliminate the unknown variable , we square the new equation to construct  term and substitute (13) into this equation. We obtain a quartic equation of  alone in (15).

             (15)
where 
,
, 
, 
and .
Solving the quartic equation (15) yields the  value that we are interested in. In practice, we replace the true values of range and azimuth in (15) by their noisy measurements to derive the estimated altitude, .
When the target falls into the collinear region,  leads to , and then (15) degenerates into a quadratic equation, but we can still solve for . In other words, the ADPR method considers both the slant range and the azimuth measurements, and thus overcomes the collinearity problem in the AOA method.
All the coefficients in (15) are free from sensor ground coordinates, and hence the simplifying assumption  does not affect the result. A quartic equation yields 4 roots: some of them are complex, and some of them are out of the feasible range that the aircraft can climb to or the radar can detect. We empirically found out that for cases used in our simulations choosing the smallest real root gives the required estimate .
5. Fusion of the AOA and ADPR Methods
We implemented post processing using Kalman filter (KF) for both the AOA and ADPR methods to smooth the jitter in their altitude estimates and use a fusion technique to identify and switch to the appropriate Kalman filter output.
As the AOA method is a sequential method involving two steps, ground range estimation followed by altitude estimation, we use two cascaded Kalman filters: one two dimensional (2D) Kalman filter to smooth estimated ground location x and y, and one single dimensional (1D) extended Kalman filter to estimate the altitude z using the smoothed ground estimate together with measured slant ranges.
The ADPR method provides the estimated altitude directly from the slant range and azimuth measurements. In its post-filtering, a 1D-KF is applied directly on the estimated altitude.
When the aircraft flies through the collinear region of the two radars, the ground location estimation by the AOA method deteriorates. This is manifested as outliers in the AOA method output sequence. These outliers have to be excluded from being used as measurements in the post-filtering Kalman filter.
This is achieved by implementing a gating mechanism. When the outliers are rejected by the gate in the 2D-KF, our first strategy is in the 2D-KF to coast the state and covariance; our second strategy is to replace the state vector and covariance matrix in the AOA 1D-EKF -filter by the ADPR post filter's track state vector and covariance matrix in the 1D-EKF. We continue this until the measurements start passing the gate in the 2D-KF, and at that point, we will resume the regular AOA post processing as described.
6. Performance Evaluation through Simulations
To evaluate the AOA and ADPR methods with post-filtering, we chose two radars to be located at [0,0,0] nmi and [50,0,0.01] nmi, arbitrarily. The slant range measurement standard deviation is 0.04nmi, and the azimuth measurement standard deviation is 0.23 deg for both radars. Two typical tracks are considered. The first trajectory is perpendicular to the line connecting the two radars and the second trajectory passes between the two radars with an angle to the line connecting the radars as shown in Figure 2.
Both trajectories generate 150 pairs of synchronous measurements from both radars (with a sampling time  seconds). Both tracks have the same altitude of 9000 ft (1.4812nmi) throughout. The velocities along the -axis, if any, is 200 knots, and the velocities along the -axis is 100 knots. The measurement covariance matrices are determined based on our simulated data covariance analysis.
6.1 Scenario
The true initial state of the first track is
,  (16)
where the superscript  denotes “truth”, position is in the unit of nmi, and velocity is in the unit of nmi/s.
The true initial state of the second track is
.(17)
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Figure 2. Trajectories of the two simulated tracks from west to east and/or from south to north.
6.2 Results
For each track, 1000 Monte Carlo runs are carried out and the mean and standard deviation of the altitude estimation errors along the track are evaluated. The results are compared between the two algorithms. The standard deviation of altitude estimation errors at each time instance are shown in Figures 3 and 4 for the two tracks, respectively. Please note that the ordinates in these plots are in ft. We observe that the AOA method achieves less error than the ADPR method in general areas.
[image: ]
Figure 3. Standard deviation of altitude estimation errors using the ADPR and AOA methods for Track 1.
[image: ]
Figure 4. Standard deviation of altitude estimation errors using the AOA and ADPR methods for Track 2, and together with the fused result.
In Figure 4, we observe a jump in the standard deviation of the altitude estimation error from the middle section of the AOA post-filtered result, which is due to deterioration of the estimation accuracy of the AOA method in the collinear region.
The “Fused result” shown in Figure 4 is the fused result by replacing the AOA track state and covariance by the ADPR track state and variance. As can be seen from the figure, the fused result is greatly improved from the independent AOA post-filtered result. The fusion of both methods helps us achieve both accuracy and robustness for non-Mode C altitude estimation.
7. Conclusions
Altitude estimation using two primary radars (providing only slant range and azimuth measurements) is a challenging problem due to poor observability of altitude from slant range. We find out that using the AOA portion only to estimate the ground range and then deriving the altitude, which we call AOA method, achieves less estimation errors than using the popular AOA/TDOA method to estimate the altitude. However, we showed that, though this method improves the altitude estimation accuracy, it suffers from the collinearity problem. We developed a new algorithm called ADPR method to mitigate this.
We proposed post-filtering schemes for both the AOA and ADPR methods, and fused these algorithms in a complementary fashion to improve the overall estimation accuracy and robustness. The simulation results show that when the AOA method suffers from the collinearity problem, the fusion with the ADPR method can effectively decrease the standard deviation on the altitude estimation errors.
The point-wise estimation methods (the ADPR and AOA methods) by themselves do not impose any assumption on the movement of the aircraft nor require track information, and hence they are applicable in real time.
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